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Euler observers are a fundamental tool for the study of spacetime evolution. Cauchy
surfaces are evolved through the use of hypersurface orthogonal fields and their rela-
tionship to coordinate observers, that enable the use of already developed algorithms.
In geometrodynamics new tetrad vectors have been introduced with outstanding sim-
plifying properties. We are going to use these already introduced tetrad vectors in
the case where we consider a curved four dimensional Lorentzian spacetime with the
presence of electromagnetic fields. These Einstein-Maxwell geometries will provide
the new tetrad that we are going to use in order to develop an algorithm to produce
Cauchy evolution with additional simplifying properties.
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I. INTRODUCTION
The new tetrads introduced in1, yield maximum simplification in the expression of a non-
null electromagnetic field in a curved spacetime. We present first, the four tetrad vectors
introduced in paper1 that locally and covariantly diagonalize the electromagnetic stress-
energy tensor and define at every point in spacetime the blades one and two.
V α(1) = ξ
αλ ξρλ X
ρ (1)
V α(2) =
√
−Q/2 ξαλ Xλ (2)
V α(3) =
√
−Q/2 ∗ ξαλ Yλ (3)
V α(4) = ∗ξ
αλ
∗ ξρλ Y
ρ , (4)
where Q = ξµν ξ
µν = −
√
TµνT µν according to equations (39) in
2. Q is assumed not to
be zero, because we are dealing with non-null electromagnetic fields. The first two (1-2)
eigenvectors of the stress-energy tensor with eigenvalue Q/2, the last two (3-4) with eigen-
value −Q/2. We briefly remind ourselves that the original expression for the electromagnetic
stress-energy tensor Tµν = fµλ f
λ
ν + ∗fµλ ∗ f
λ
ν was given in terms of the electromagnetic
tensor fµν and its dual ∗fµν =
1
2
ǫµνστ f
στ . After a local duality transformation,
fµν = ξµν cosα + ∗ξµν sinα , (5)
where the local scalar α is the complexion, we are able to write the stress-energy in terms
of the extremal field ξµν and its dual. We can express the extremal field as,
ξµν = e
−∗αfµν = cosα fµν − sinα ∗ fµν . (6)
Extremal fields are essentially electric fields and they satisfy,
ξµν ∗ ξ
µν = 0 . (7)
Equation (7) is a condition imposed on (6) and then the explicit expression for the
complexion emerges, tan(2α) = −fµν ∗ f
µν/fλρ f
λρ. As antisymmetric fields in a four
dimensional Lorentzian spacetime, the extremal fields also verify the identity,
2
ξµα ξ
να
− ∗ξµα ∗ ξ
να =
1
2
δ νµ Q . (8)
It can be proved that condition (7) and through the use of the general identity,
Aµα B
να
− ∗Bµα ∗ A
να =
1
2
δ νµ Aαβ B
αβ , (9)
which is valid for every pair of antisymmetric tensors in a four-dimensional Lorentzian
spacetime2, when applied to the case Aµα = ξµα and B
να = ∗ξνα yields the equivalent
condition,
ξαµ ∗ ξ
µν = 0 , (10)
which is equation (64) in2. It is evident that identity (8) is a special case of (9). The
duality rotation given by equation (5) allows us to express the stress-energy tensor in terms
of the extremal field,
Tµν = ξµλ ξ
λ
ν + ∗ξµλ ∗ ξ
λ
ν . (11)
With all these elements it becomes trivial to prove that the tetrad (1-4) is orthogonal
and diagonalizes the stress-energy tensor (11). We notice then that we still have to define
the vectors Xµ and Y µ. Let us introduce some names. The tetrad vectors have two essential
components. For instance in vector V α(1) there are two main structures. First, the skeleton,
in this case ξαλ ξρλ, and second, the gauge vector X
ρ. The gauge vectors it was proved
in manuscript1 could be anything that does not make the tetrad vectors trivial. That is,
the tetrad (1-4) diagonalizes the stress-energy tensor for any non-trivial gauge vectors Xµ
and Y µ. It was therefore proved that we can make different choices for Xµ and Y µ. In
geometrodynamics, the Maxwell equations,
fµν;ν = 0
∗fµν;ν = 0 , (12)
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are telling us that two potential vector fields Aν and ∗Aν exist,
fµν = Aν;µ −Aµ;ν
∗fµν = ∗Aν;µ − ∗Aµ;ν . (13)
The symbol “;′′ stands for covariant derivative with respect to the metric tensor gµν . We
can define then, a tetrad,
Uα = ξαλ ξρλ A
ρ / (
√
−Q/2
√
Aµ ξµσ ξνσ Aν ) (14)
V α = ξαλ Aλ / (
√
Aµ ξµσ ξνσ Aν ) (15)
Zα = ∗ξαλ ∗ Aλ / (
√
∗Aµ ∗ ξµσ ∗ ξνσ ∗ Aν ) (16)
W α = ∗ξαλ ∗ ξρλ ∗ A
ρ / (
√
−Q/2
√
∗Aµ ∗ ξµσ ∗ ξνσ ∗ Aν ) . (17)
The four vectors (14-17) have the following algebraic properties,
− Uα Uα = V
α Vα = Z
α Zα =W
α Wα = 1 . (18)
Using the equations (8-10) it is simple to prove that (14-17) are orthonormal. When we
make the transformation,
Aα → Aα + Λ,α , (19)
fµν remains invariant, and the transformation,
∗ Aα → ∗Aα + ∗Λ,α , (20)
leaves ∗fµν invariant, as long as the functions Λ and ∗Λ are scalars. Schouten
3 defined
what he called, a two-bladed structure in a spacetime3. These blades are the planes de-
termined by the pairs (Uα, V α) and (Zα,W α). It was proved in1 that the transformation
(19) generates a “rotation” of the tetrad vectors (Uα, V α) into (U˜α, V˜ α) such that these
“rotated” vectors (U˜α, V˜ α) remain in the plane or blade one generated by (Uα, V α). It was
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also proved in1 that the transformation (20) generates a “rotation” of the tetrad vectors
(Zα,W α) into (Z˜α, W˜ α) such that these “rotated” vectors (Z˜α, W˜ α) remain in the plane or
blade two generated by (Zα,W α). For example, a boost of the two vectors (Uα, V α) on
blade one, given in (14-15), by the “angle” φ can be written,
Uα(φ) = cosh(φ) U
α + sinh(φ) V α (21)
V α(φ) = sinh(φ) U
α + cosh(φ) V α . (22)
There are also discrete transformations of vectors (Uα, V α) on blade one1. The rotation
of the two tetrad vectors (Zα, W α) on blade two, given in (16-17), by the “angle” ϕ, can be
expressed as,
Zα(ϕ) = cos(ϕ) Z
α
− sin(ϕ)W α (23)
W α(ϕ) = sin(ϕ) Z
α + cos(ϕ)W α . (24)
It is a simple exercise in algebra to see that the equalities U
[α
(φ) V
β]
(φ) = U
[α V β] and
Z
[α
(ϕ)W
β]
(ϕ) = Z
[αW β] are true. These equalities are telling us that these antisymmetric tetrad
objects are gauge invariant. We remind ourselves that it was proved in manuscript1 that the
group of local electromagnetic gauge transformations is isomorphic to the local group LB1
of boosts plus discrete transformations on blade one, and independently to LB2, the local
group of rotations on blade two. Equations (21-22) represent a local electromagnetic gauge
transformation of the vectors (Uα, V α). Equations (23-24) represent a local electromagnetic
gauge transformation of the vectors (Zα,W α). Written in terms of these tetrad vectors, the
electromagnetic field is,
fαβ = −2
√
−Q/2 cosα U[α Vβ] + 2
√
−Q/2 sinα Z[α Wβ] . (25)
Having introduced the new tetrad we proceed in section II to introduce the hypersurface
orthogonality condition and the algorithm to build the Eulerian vector fields. We use a metric
with sign conventions −+++. If Fµν is the electromagnetic field then fµν = (G
1/2/c2) Fµν
is the geometrized electromagnetic field.
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II. EULER VECTOR FIELDS
First we write the explicit equations satisfied by the hypersurface orthogonal4,5,6 unit
vector fields nµ n
µ = −1,
nα nβ;γ + nβ nγ;α + nγ nα;β − nα nγ;β − nγ nβ;α − nβ nα;γ = 0 . (26)
The Euler unit timelike vector field that we are going to find through our algorithm
satisfying equation (26) we are going to name Uˆµ. The other three vectors in the new
orthonormal tetrad are Vˆ µ, Zˆµ and Wˆ µ. Therefore the hypersurface orthogonal vector Uˆµ
is going to satisfy the equation,
Uˆα Uˆβ;γ + Uˆβ Uˆγ;α + Uˆγ Uˆα;β − Uˆα Uˆγ;β − Uˆγ Uˆβ;α − Uˆβ Uˆα;γ = 0 . (27)
If we project equation (27) using the four tetrad vectors (Uˆα, Vˆ α, Zˆα, Wˆ α) we get only
three meaningful equations,
Uˆ[α;β] Vˆ
α Zβ = 0 (28)
Uˆ[α;β] Vˆ
α W β = 0 (29)
Uˆ[α;β] Zˆ
α W β = 0 . (30)
Equations (28-30) are three conditions on the vector field Uˆα. If we first perform a local
boost like in equations (21-22) and then a rotation like in equations (23-24) we would have
two local scalars (φ, ϕ) that can represent two of the three variables necessary to find a
meaningful solution to equations (28-30). Next we perform a boost in the plane spanned by
(Uα(φ),W
α
(ϕ)),
Uˆα = cosh(ψ) Uα(φ) + sinh(ψ)W
α
(ϕ) (31)
Wˆ α = sinh(ψ) Uα(φ) + cosh(ψ)W
α
(ϕ) . (32)
In this way we introduce a third local scalar ψ that completes the necessary three local
variables that are going to be the solution to the system (28-30). The final orthonormal
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tetrad that has as a timelike vector field the hypersurface orthogonal vector field that we
want as an input for our evolution algorithms is given by,
Uˆα = cosh(ψ) Uα(φ) + sinh(ψ)W
α
(ϕ) (33)
Vˆ α = V α(φ) (34)
Zˆα = Zα(ϕ) (35)
Wˆ α = sinh(ψ) Uα(φ) + cosh(ψ)W
α
(ϕ) . (36)
We notice that in order for the algorithm to be meaningful the tetrad vector that has
to involve after the three Lorentz transformations the three local scalars (φ, ϕ, ψ), is Uˆα.
If, for instance, we introduce Lorentz transformations only involving the original vectors
(V α, Zα,W α) then we would only obtain combinations of the original equations (28-30) and
since these can be algebraically decoupled, we would not be introducing any new information.
The new information comes from the inclusion of the three local scalars (φ, ϕ, ψ) inside the
derivatives and this happens only through the vector Uˆα. As a last issue, we would like
to study the contraction of the the tetrad vectors (Uˆα, Vˆ α, Zˆα, Wˆ α) with the stress-energy
tensor (11).
Uˆα T βα =
Q
2
(cosh(ψ) Uα(φ) − sinh(ψ)W
α
(ϕ)) (37)
Vˆ α T βα =
Q
2
Vˆ α (38)
Zˆα T βα = −
Q
2
Zˆα (39)
Wˆ α T βα = −
Q
2
(− sinh(ψ) Uα(φ) + cosh(ψ)W
α
(ϕ)) . (40)
Therefore, the only non-zero components of the stress-energy tensor when expressed in
terms of the new tetrad are,
Uˆα T βα Uˆβ =
Q
2
(− cosh2(ψ)− sinh2(ψ)) (41)
Vˆ α T βα Vˆβ =
Q
2
(42)
Zˆα T βα Zˆβ = −
Q
2
(43)
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Wˆ α T βα Wˆβ = −
Q
2
(sinh2(ψ) + cosh2(ψ)) (44)
Uˆα T βα Wˆβ =
Q
2
(− sinh(ψ) cosh(ψ)− cosh(ψ) sinh(ψ)) . (45)
We finally get,
Uˆα T βα Uˆβ = −
Q
2
cosh(2ψ) (46)
Vˆ α T βα Vˆβ =
Q
2
(47)
Zˆα T βα Zˆβ = −
Q
2
(48)
Wˆ α T βα Wˆβ = −
Q
2
cosh(2ψ) (49)
Uˆα T βα Wˆβ = −
Q
2
sinh(2ψ) . (50)
We can assert that in terms of the new tetrad, the stress-energy tensor acquires a very
simple set of components with only one off-diagonal non-zero component. In this way the new
tetrad provides both a hypersurface orthogonal congruence and a maximum simplification of
the stress-energy tensor given that the tetrad that diagonalized the tensor underwent three
Lorentz transformations. It is evident from expressions (46-50) that we recover the results
for the old tetrad that diagonalizes the stress-energy tensor when we take the limit ψ → 0.
III. CONCLUSIONS
We are considering dynamical situations where gravitational and electromagnetic fields
are evolving. The symmetries in the gauge theory of electromagnetic fields are understood
through the isomorphisms proved in manuscript1 as local Lorentz transformations on either
blade one or two. Local groups that we named LB1 and LB2. New local tetrad vectors
transform inside these blades under the action of these groups. When an external agent to
the preexisting geometry perturbes the original system, the local planes of symmetry are
tilted with respect to the original ones. The symmetries are going to correspond to new
local planes. The vectors that locally diagonalize the old stress-energy tensor will no longer
diagonalize the new perturbed stress-energy tensor. We can specify the old and new tetrad
vectors by two features. On one hand what we might call the tetrad vectors skeleton and
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on the other hand the gauge vectors. As an example of skeleton we can see for instance
the ξαλ ξρλ in the vector V
α
(1). In the same vector the gauge vector would be X
ρ. Nonethe-
less, and this is an outstanding property of these new tetrads, the local tetrad structure in
terms of skeletons, on one hand and gauge fields on the other will remain structure invari-
ant after the ensuing perturbation. Even though the tetrad that diagonalizes the original
stress-energy tensor is not the same as the new one that diagonalizes the perturbed stress-
energy tensor, the tetrad vectors in both cases are locally, structure invariant. This simply
occurs because we can always apply the duality transformation technique to the perturbed
fields and obtain extremal fields for the perturbed electromagnetic field and so on. The
new perturbed extremal fields allow for the construction of a new tetrad that diagonalizes
the perturbed stress-energy tensor. There is a symmetry evolution, and we evaluate this
evolution through the local plane symmetry evolution, or the evolution of blades one and
two. In other words the local evolution of the groups LB1 and LB2. In our algorithm we
carry out one boost on blade one, one rotation on blade two, and finally, one boost on the
plane determined by the timelike vector on blade one and one of the two already rotated
spacelike vectors on blade two. We introduce in this way the three local scalars necessary
to solve the hypersurface orthogonality evolution problem. It is evident that with these new
Euler observers we can produce coordinate observers, necessary for the Cauchy evolution
algorithm6. These hypersurface orthogonal congruences correspond to tetrads that locally
add only one off-diagonal component with respect to the tetrad that diagonalizes the stress-
energy tensor which is a source of important simplification. When expressed in terms of the
original tetrads (14-17) the stress-energy tensor is diagonal, the only change with respect
to the hypersurface orthogonal tetrads (33-36) is just one off-diagonal component (50) of
the stress-energy tensor which is an outstanding simplifying property. We can then proceed
with the explicit expression for the new tetrad to apply already known algorithms7−29 for
the evolution of spacetimes where electromagnetic fields are present. The idea would be
to feed already known algorithms with the new tetrads in order to evolve four-dimensional
Lorentzian spacetimes where there are dynamical interactions involving gravity and electro-
magnetic fields. We quote from30 “Theories with gauge freedom, such as electromagnetism
and general relativity, are said to be both “overdetermined” and “underdetermined”. They
are overdetermined because there are constraints at each time that limit the freedom of the
variables that are propagated, the dynamical variables. They are underdetermined because
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the gauge freedom means the equations of the theory cannot determine a fully unique solu-
tion. By gauge transformations, some of the variables can be changed. These changes do not
alter the intrinsic physical meaning of a solution but they nevertheless can be vital in the
description and recognition of the solution. That the problem of being overdetermined need
be resolved at one time only (in principle), and that the gauge freedom in changing certain
variables does not disturb either the feature just mentioned or the physical uniqueness of
the problem are part and parcel of the well-posedness of a Cauchy problem”.
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